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What	is	this?	Any	takers?	



Figure 2: Pushing: A robotic manipulator moves a
vertical probe that pushes a flat object on a support
surface. From a functional perspective, the velocity
and configuration of the pusher turns into a velocity
of the object. That transformation is usually under-
stood through the filters of quasi-static and uniform-
friction assumptions. However, frictional interaction
turns out to be somewhat stochastic and changing
in time, making it difficult to observe, model, and
control.

2 Algorithmic Contributions

2.1 Parametric models of frictional sliding

Frictional sliding occurs in many manipulation techniques of interest. Modelling frictional sliding is one of
the key challenges in developing better robots. Prehensile pushing is a good example. Even in the simplest
planar case, kinematic constraint determines only one of the object’s motion freedoms, with the other two
being determined by themechanics of frictional sliding. The proposed work would develop new formulations
of frictional sliding models, based on linear complementarity [71] and optimization techniques demonstrated
in PI Rodriguez’s lab [79, 13, 14] and parametric learning techniques developed in PI Mason’s lab [82].

Planar pushing in gravity. We begin by examining parametric models that arise in the simplest
case: planar pushing in a gravity field (Fig. 2). This problem is the focus of almost all prior work in
pushing. It is a good starting point but more general methods are required for a broader and more
flexible set of manipulation actions (like prehensile pushing).

Assuming planar sliding of one rigid body on another with Coulomb friction in a gravity field, to
determine forces from motion we would require an estimate of the moving object’s mass, angular inertia,
and coefficients of friction. If the number of contact points is more than three, we also need some
additional information to determine the distribution of normal forces. Determining inertial parameters
and coefficients of friction is straightforward (if imperfect), but the distribution of normal forces can vary
dynamically with minor surface imperfections and other factors.

To learn the normal pressure distribution one might assume a discrete set of support points and
attempt to learn the normal forces at each [43] but there is a more elegant and economical approach
based on the limit surface.

The limit surface. Under the assumption of a known pressure distribution and coefficient of friction,
Goyal et al. [25] defined the limit surface to be the set of all possible frictional forces on a planar sliding
object. They used the limit surface to efficiently compute the motion of a sliding object subject to an
external load [26]. Lee and Cutkosky [38] identified some approximations of the limit surface, including
an ellipsoidal approximation which provides a compact and easily invertible relationship between motions
and forces. As detailed in [45, 79] under the assumptions of quasi-static interaction (i.e., inertial effects
are negligible), and the approximation of an ellipsoidal form for the limit surface, we can find a closed
form expression for the velocity of an object being pushed by a pusher that sticks to it:

vx=
(c2+r2ox)vpx+roxroyvpy

c2+r2ox+r2oy
vy=

roxroyvpx+(c2+r2oy)vpy
c2+r2ox+r2oy

ω=
roxvy−royvx

c2
(1)
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Fric1on	Cone	

Contact	forces	from	planar	pushing	
	



Fric1on	Cone	

Is	this	Coulomb’s	law?	



Dataset	Planar	Pushing	

More	than	a	Million	ways	to	be	Pushed.	A	High	Fidelity	Experimental	Dataset	of	Planar	Pushing	
Peter	Yu,	Maria	Bauza,	Nima	Fazeli	and	Alberto	Rodriguez,	IROS’16	

h@ps://youtu.be/tuXCHFnc7DY	



Variability	Planar	Pushing	

Other	dimensions	of	variability	
LocaNon,	direcNon,	velocity	…	

Fig. 5. Friction changes over pushes on different materials.
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Fig. 6. Friction coefficient as a function of the object sliding speed.

friction; otherwise, anisotropic. We plot the friction force
collected only at the center point with 1 mm radius in
Figure 7. This plot is called limit curve (LC), if we assume
the static friction and the DCoF are the same. That is, if the
object is stationary, the friction will be inside the curve; if the
object is sliding then the friction will lie on LC boundary. A
LC will be close to a circle if the material exhibits isotropic
friction. The figure shows that among the four materials, abs
and delrin are close to isotropic but not perfect, plywood
slightly less, and pu the least. For pu, the ratio between the
largest friction and the smallest is around 3/2, which is a
significant difference. This explains partly the wide deviation
of the DCoF as observed in Figure 4.

From the previous directional data, we can verify if
the velocity and the friction force satisfy the principle of
maximum-power inequality. The principle states that

8f⇤ 2 LC, (f � f

⇤
) · v � 0,

where LC is the limit curve, f and v are a corresponding
pair of friction force and sliding velocity, and f

⇤ is any
other friction force in the LC. The principle states that the
combination of velocity at contact and force will be such that
the dissipated power is maximum, or in most cases, friction
will oppose velocity.

In a general pushing setting, this is a principle difficult to
impose, since it is a complicated constraint, but since our
experiment is forcing a desired velocity on the object, it is

Fig. 7. Friction force from different directions and for different materials.

trivial to verify.
We check whether
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where f
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is an array of forces collected when the object is
being pushed in the v
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direction. We only use data when the
object is passing the same point to avoid spatial difference of
DCoF. Figure 8 shows �P as a function of pushing direction.
For all the material except pu, �P is very close to 0, which
means maximum power inequality applies to them. For pu,
there are 2 regions of velocities in which �P is significantly
less than 0. They correspond to the abrupt transitions at the
top and bottom of the limit curve of pu in Figure 7.

Direction of sliding motion with rotation. Limit Surface.
To consider motion of a 2D rigid body, direction of motion
and friction force will include not only translational but
rotational component. This extends the concept of limit curve
into limit surface (LS), which resides in a force-moment
space and is visualized in the top of Figure 9. A LS of a
body-surface pair works as follows. If the body is sliding,
the generalized friction force lies on LS; otherwise, inside
LS. The motion corresponding to that force is in surface
normal direction [16].

Here we verify the ellipsoid approximation of the limit
surface by comparing the approximated ellipsoid to a limit
surface constructed from real measurements. In the bottom of
Figure 9, cross section plots of limit surfaces collected from
real experiment are shown. Using the most basic approach,
the ellipsoid is assumed to be centered at the origin, and is fit-
ted using measured moment magnitude from pure rotational
motion and force magnitude from pure translational motion.
The shade region shows the 2� region. We have the following
observations. First, due to different kinds of uncertainty in
friction, the real limit surface is not a thin surface but a thick
surface with uncertainty. Secondly, although measurement
are noisy, we can see that the underlying curve of the data is
close to the ellipses but not exactly the same. Third, the data
points from abs and plywood are biased toward the left
side because they are no perfectly isotropic. Fourth, delrin
has the most symmetric LS, and pu has the least.

Fig. 5. Friction changes over pushes on different materials.
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Fig. 3. a) Spatial distribution of the coefficient of friction (DCoF) for four materials. The darker the color, the higher the coefficient. b) Histogram of the
same distributions.
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Fig. 4. Evolution of the coefficient of friction (DCoF) over 100 scans,
for four different materials. Note that abs and delrin have a relatively
short break-in phase, plywood does not stop degrading, and pu is more
resistant to abrasion.

2) Temporal variability. A surface generally becomes
smoother after being repeatedly rubbed in a polishing pro-
cess. Similarly, sliding objects polish the surface they slide
on and therefore change its effective DCoF. Here we quantify
the polishing effect on newly purchased surfaces. Figure 4
shows a decreasing trend of the effective DCoF for all
materials. This effect is sometimes called break-in. After 100
scans, their respective DCoFs change like:

• abs: 0.15 to 0.13 (-13.6%);
• delrin: 0.16 to 0.12 (-22.2%);
• plywood: 0.28 to 0.24 (-11.3%);
• pu: 0.29 to 0.28 (-2.3%).
We observe that delrin and abs have an appreciable

break-in period after which the DCoF converges to an almost
constant value. For plywood, the break-in period is much
longer. For pu, the break-in period is almost non-existent,
hinting that for the range of forces we consider, there is
almost no degradation of the material over time. Indeed, the
type of polyurethane we used is abrasion-resistant.

3) Speed variability. Coulomb friction states that the mag-
nitude of the friction force should not depend on the object
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Fig. 5. Change of the coefficient of friction (DCoF) with sliding speed of
the object.

sliding speed. Figure 5 shows the results for experiments
conducted with different speeds. Indeed, delrin, abs and
plywood present little variability of DCoF with speed. The
DCoF of pu however, increases up to 1.0 for high speeds.
The phenomenon is already observed in [28] for rubbers,
and [29] states that pu possess this characteristic. Coulomb
friction then would not be a good approximation when the
speed of experiments spans a wide range.

4) Direction variability. When a material presents friction
independent of the sliding direction, we say it is isotropic;
otherwise, anisotropic. To test it, we perform successive
scans where we force the object to slide through the center
of the plate in different directions. Figure 6 shows the set of
friction forces collected. An isotropic material would show
a circular force profile. The figure shows that abs and
delrin are close to isotropic, plywood slightly less, and
pu the least. For pu, the ratio between the largest friction and
the smallest is around 3/2, which is a significant difference.
This could explain, in part, the large standard deviation of
the DCoF observed in Figure 3b since scans are run forward
and backward.



Variability	Planar	Pushing	

At	the	output	…	
DistribuNon	aQer	2000	pushes	



Key	Challenge	1	

How	do	we	build	trust	in	Simulators?	
	-	Reduce	confidence	in	predicNons.	
-	Accuracy	in	the	staNsNcal	sense.	



Key	Challenge	1	

How	do	we	build	trust	in	Simulators?	
	

Figure 8: Robot Manipulation Arena in its current
state. Main components are two synchronized indus-
trial robotic arms with sub-millimeter motion accuracy,
a motion capture system to capture part motions, fin-
gertip and environment 6 axis F/T sensors, all synchro-
nized and running at 250Hz.

This proposal will help develop the necessary infrastructure to plan, execute, and monitor autonomous
experiments. In particular, the Robotic Manipulation Arena will have the capability to:

• Control. Reproduce accurate and controlled trajectories of an end effector. The robot will emulate
systemic defects of real robotic platforms such as noise in sensing or actuation, latency in execution
or limited workspace reachability.

• Observe. Observe with high accuracy and frequency the state of the manipulation task, including
the poses of objects and manipulator, contact states, and contact forces. Special emphasis will be
set on the real-time and low-latency accessibility of these feedback so that we can investigate loop
closure in manipulation with ground truth, as well as by emulating partial, noisy and/or delayed
observability.

• Configure. Set of autonomous capabilities to set up initial conditions for the execution of exper-
iments. These include techniques for re-positioning an object to a given location/configuration and
re-configuring the environment.

• Execute. Autonomous execution and monitoring of 24/7 experiments. The goals are: 1) To enable
the on-line algorithms described in Section 2.4 for closed-loop learning; and 2) To capture the
execution of a given manipulation task for variations on initial conditions of parts, variations on
environmental conditions, and variations of the system dynamics under controlled and observable
noise and/or defects.

3.2 Physical interaction and Data Science. Statistical contact mechanics.

The RMA described in Section 3.1 will enable a tighter connection between recent advances in data
science, learning, and in robotic manipulation by providing high quality ground truth for controlled real
experiments. We are motivated by the need for better instrumentation for observing and controlling
manipulation processes. We believe this will give us a deeper understanding of manipulation, and will
contribute with realism and size to the data-driven approach to manipulation. The range of potential
applications for a Robotic Manipulation Arena is large. We highlight:

• Data sets. Collection of large and open experimental data sets of physical interaction. The
experimental nature of the data sets is essential to foster research in manipulation that is not
disconnected the real world. These data sets will involve contact phenomena such as friction and
impact for which we only have approximate models.

• Evaluation and bench-marking of existing models of contact dynamics and simulators without
the nuances and biases of synthetic data.
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-	Need	empirical	evaluaNon/benchmarking	



Key	Challenge	2	

How	do	we	make	useful	Simulators	(for	Robo1cs)?	
	-	Exploit	structure	in	noise.		
-	What	is	a	realisNc/computaNonally-efficient	structure	for	that	noise?	
-	How	do	we	propagate	it?	



Key	Challenge	2	

How	do	we	make	useful	Simulators	(for	Robo1cs)?	
-	Both	soQ	and	hard	contacts	are	useful	in	roboNcs.	

h@ps://youtu.be/ZiqC9emBk00	



Key	Challenge	2	

How	do	we	make	useful	Simulators	(for	Robo1cs)?	
	-	Understandable.	
-	SomeNmes	things	work	but	we	do	not	enNrely	understand	why.	

SimulaNon	
vs.	
Experimental	

Template provided by: “posters4research.com” 

Planar Pushing: Real Time      
 Control with Contact Dynamics 

	Francois Robert Hogan, Alberto Rodriguez	
MIT, Department of Mechanical Engineering �

	

Problem Statement	
How can we control the motion of an object 
in real-time through frictional contact 
interactions? 

Pusher-Slider System	

MPC Formulation	

Results	

Conclusion	

Goal 
•  Minimize error to desired trajectory. 
•  Satisfy friction cone constraints. 

min  
 
such that 

Control the motion of a sliding object 
using a single frictional contact point. 

•  Model Predictive Control (MPC) naturally deals with 
underactuation. 

•  The Family of Modes approximation avoids the combinatorial 
nature of hybridness by selecting key mode sequences. 
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ground planar frictional force (i.e., fP = �fG). This quasi-static assumption leads to
a simplified analysis of the motion of a sliding object using a single point of contact
robotic pusher. Note that including the term H¨q

s

does not complicate the controller de-
sign and could easily be integrated into the control formulation presented in Section 5.
The resulting controller from a dynamic analysis yields a mapping between the motion
of the slider to the reaction forces applied on the object. In contrast, the quasi-static
assumption leads to a direct mapping between the motion of the slider and the motion
of the pusher. This proved desirable from an experimental implementation standpoint
using a position controlled robotic manipulator.

The motion equations of the slider subject to a single point of contact pusher are
formulated in [16] assuming a quasi-static formulation with a uniform pressure distribu-
tion. Prior to presenting these motion equations, it is necessary to review two important
concepts of frictional contact interactions: the limit surface and the motion cone.

4.3 Limit Surface

The limit surface, introduced in [19], is defined as a convex surface which bounds the
set of all possible frictional forces and moments that can be sustained by frictional
interface. Using the principal of maximal dissipation, this surface can be used to de-
scribe a motion-force mapping between the incurred frictional force on the slider to its
instantaneous velocity. In this paper, we use the ellipsoidal approximation to the limit
surface [20], where the semi-principal axes are given by f

max
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is the coefficient of
friction between the object and the ground, m is the mass of the object, g is the gravi-
tational acceleration, A is the surface area of the object exposed to friction, and �!
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denotes the position of dm relative to the origin of F
b

.

4.4 Motion Cone
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Fig. 4: Motion cone (MC) at
contact point p. If the pusher ve-
locity lies within the two bound-
aries of the motion cone, the
pusher will stick to the slider, else,
it will slide.

Depending on the direction of motion of the pusher,
different contact interaction modes can occur between
the pusher and the slider. The motion cone [14], shown
in Fig. 4, is useful to determine if a given velocity of
the pusher will result in sticking or sliding behavior
between the pusher and the slider. Each boundary of
the motion cone is constructing by mapping the result-
ing velocity of the slider at the contact point p when
subject to a frictional force that lies on a boundary of
the friction cone. It can be shown that for flat faced ob-
jects, the two boundaries of the motion cone are given
as �!v MC
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Underactuation 
• Only push, no pull. 
• Force limited to friction cone. 
Hybrid Dynamics 
• Modes: Stick, Slide, Separate. 
• Available forces depend on 

mode. 

2.2 Motion Cone Constraints

The motion cone constraints are described as
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The linearized motion cone constraints are written as

u 2 MC :
⇥
��

?

t

1
⇤

ū � v

?

n

C

t

x̄  �

?

t

v

?

n

� v

?

t⇥
�

b

�1
⇤
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2.3 MPC Formulation

We express the cost-to-go for N time steps as:
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with x̄ = x � x

? and ū = u � u

?, where the notation (·)? is used to denote the nominal trajectory. The
contact mode dependent constraints are enforced as
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i

] ,

u < MC,
(14)

where the term Mode(i) denotes the contact mode of interaction at the i

th step of the prediction horizon.

2.4 Numer
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The constraints presented in Eqs. (17), (18), and (19), and (20) depend on the contact
mode i, which complicates the search for optimal and feasible control inputs. Contact
modes and control inputs must be chosen simultaneously. As illustrated in Fig. 5, this
problem takes the form of a tree of optimization programs with 3

N possible contact
schedules, each yielding a convex optimization program, which is too computationally
expensive to solve online.

...

. . .

n = 0

n = 1

n = 2

n = N

Sticking

Sliding up

Sliding down

Fig. 5: Tree of optimization programs for a MPC program with N prediction steps. Scales expo-
nentially due to contact hybridness.

5.1 Mixed-Integer Quadratic Program

The combinatorial hybrid nature of the pusher-slider dynamics can be modeled by
adding integer decision variables into the optimization program, as is commonly done in
Mixed-Integer programming. The resulting Mixed-Integer Quadratic Program (MIQP)
can be solved rather efficiently using numerical tools, such as Gurobi [21]. In the case of
the pusher-slider system, we introduce the integer variables: z1n 2 {0, 1}, z2n 2 {0, 1},
and z3n 2 {0, 1}, where z1n = 1, z2n = 1, or z3n = 1 indicate that the contact interac-
tion mode at step n is either sticking, sliding up, or sliding down, respectively. We will
use the big-M formulation [22] to write down the problem, where M is a large scalar
value used to activate and deactivate the contact mode dependent constraints, through a
set of linear equations. The mode dependent constraints are reformulated as
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where 1
m⇥1 = [1 1 . . . 1]

T. Finally, the constraint z1n + z2n + z3n = 1 is enforced to
ensure that only one mode can be activated at a time.

MPC Combinatorial Form	
•  Tree of optimization programs. 
•  Scales exponentially due to contact hybridness. 
 

Family of Modes Approximation 
ü Predefine primitive hybrid behaviors. 
ü Eliminates combinatorial form. 

Research Goal 
•  Closing the loop in robotic 

manipulation 
 
Controller Design Challenges 
•   Addresses underactuation 
     and hybridness. 
•   Allows for sliding at contact. 

Straight line tracking with external perturbations  

Simulation results 

Experimental results 
Target Tracking 

Experimental results Simulation results 

2.2 Motion Cone Constraints

The motion cone constraints are described as

u 2 MC : v

t

 �

t

v

n

v

t

� �

b

v

n

u > MC : v

t

> �

t

v

n

u < MC : v

t

< �

b

v

n

.

The terms v
n

, v
t

, �
t

, and �

b

are linearized as The linearized motion cone constraints can be written as

v

n

= v

?

n

+ v̄

n

(7)
v

t
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?

t
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t

(8)

�
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= �

?
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����
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?
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Ct

x̄ (9)

�

b

= �

?

b

+
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b

@x

����
x

?
,u

?

| {z }
Cb

x̄. (10)

The linearized motion cone constraints are written as

u 2 MC :
⇥
��

?

t

1
⇤

ū � v

?

n

C

t

x̄  �

?

t

v

?

n

� v

?
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�

b

�1
⇤

ū + v

?

n

C

b

x̄  ��

?

b

v

?

n

� v

?

t

u > MC :
⇥
�

?

t

�1
⇤
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?

n

C

t

x̄ < ��

?

t

v

?

n
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?
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⇥
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b

1
⇤

ū +�v

?

n

C

b
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?
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2.3 MPC Formulation

We express the cost-to-go for N time steps as:

J(x̄
i

, ū

i

) = x̄

T
N

Q

N

x̄

N

+
N�1X

i=0

⇣
x̄

T
i

Qx̄

i

+ ū

T
i

Rū

i

⌘
, (11)

with x̄ = x � x

? and ū = u � u

?, where the notation (·)? is used to denote the nominal trajectory. The
contact mode dependent constraints are enforced as

if Sticking:

(
x̄

i+1 = x̄

i

+ h [A1x̄

i

+ B1ū

i

] ,

v

p

2 MC,
(12)

if Sliding Up:

(
x̄

i+1 = x̄

i

+ h [A2x̄

i

+ B2ū

i

] ,

v

p

> MC,
(13)

if Sliding Down:

(
x̄

i+1 = x̄

i

+ h [A3x̄

i

+ B3ū

i

] ,

v

p

< MC,
(14)

where the term Mode(i) denotes the contact mode of interaction at the i

th step of the prediction horizon.
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Other	Datasets:	Planar	Impact	

Empirical	Evalua@on	of	Common	Impact	Models	on	a	Planar	Impact	Task		
Nima	Fazeli,	Ellio@	Donlon,	Evan	Drumwright	and	Alberto	Rodriguez,	ICRA’17	(under	review)	

Evalua1on	of	common	impact	models		
MirNch,	Wang-Mason,	Anitescu-Potra	Newton,	
Anitescu-Potra	Poisson,	Drumwright-Shell,	…	
		



Extrinsic	Dexterity	

Other	Datasets:	In-Hand	Manipula1on	

Experimental	Valida@on	of	Contact	Dynamics	for	in-Hand	Manipula@on	
Roman	Kolbert,	Nikhil	Chavan-Dafle,	and	Alberto	Rodriguez,	ISER’16	
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